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ABSTRACT. Let D = {p < 0} be a smooth domain of finite type in an almost complex manifold (M, J) of 
real dimension four. We assume that the defining function p is J-plurisubharmonic on a neighborhood of D. 
We study the asymptotic behavior of pseudoholomorphic discs contained in the domain D. 



Introduction 



A well known problem is to determine which smooth domains into an almost complex manifold (M, J) 
are locally complete hyperbolic in the sense of Kobayashi. It seems natural to make some curvature assump- 
tions on such domains as any J-pseudoconcavity boundary point is at finite Kobayashi distance to the inte- 
rior of the domain Q. I.Graham ||6l gave asymptotic estimates of the Kobayashi pseudometric for strictly 
pseudoconvex bounded domains into (C n , J s t) and proved the complete hyperbolicity of those domains. In 
case (M, J) is any almost complex manifold, similar results were provided by S.Ivashkovich-J.-P.Rosay 
and H.Gaussier-A.Sukhov Q. 

The situation is far from being so clear when the domains are weakly pseudoconvex as the geometry 
of their boundary is much more complicated; and the question of whether a smooth weakly pseudoconvex 
domain is locally complete hyperbolic or not is still open, even in (C 2 , J s t). However, D.Catlin [3] obtained 
local estimates similar to those obtained in Q on smooth pseudoconvex domains of finite type in (C 2 , J s t), 
implying their local complete hyperbolicity (see also ifTTO. 

In the present paper we study this question for smooth J-pseudoconvex domains of finite type into a four 
dimensional almost complex manifold. In (H, we described locally finite type domains D = {p < 0} where 
p is a smooth defining function for D and J-plurisubharmonic (see Proposition 2.6 in O). More precisely, 
if D = {p < 0} C C 2 and if the origin € dD is of finite type 2m, we proved that there is a change 
of coordinates in a neighborhood of the origin such that the structure J and the function p can be locally 
written: 
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where H 2m is a homogeneous polynomial of degree 2m, subharmonic which is not harmonic and 

m— 1 

H(zi,z 2 ) = 5?e ^ Pkz\z 2 . 

k=l 
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In this paper, we suppose that the harmonic term H(zi,Z2) in the above expression (10.21) is identically 
zero and we prove: 

Theorem 0.1. Let J be a smooth almost complex structure defined on R 4 . Let D = {p < 0} be a domain 
of finite type in (R 4 , J), where p is a smooth defining function of D, J -plurisubharmonic in a neighborhood 
of D. We suppose that J and p satisfy respectively d0.il ) and d0.2| ). Moreover we assume that H(z\, z<i) in 
ri0.2D is identically zero. Then there exists a neighborhood U of the origin for which is at infinite distance 
from points in D n U. 



The proof of this theorem is inspired by and is based on the construction of good J-plurisubharmonic 
functions whose use is significant in almost complex manifolds. 



Acknowledgments. I would like to thank J. Bland and J.-P.Rosay for helpful discussions. I am particularly 
indebted to J.-P.Rosay who pointed out an erroneous argument in the previous version of my paper. 

1. Preliminaries 

We denote by A the unit disc of C and by A r the disc of C centered at the origin of radius r > 0. 

1.1. Almost complex manifolds and pseudoholomorphic discs. An almost complex structure J on a real 
smooth manifold M is a (1, 1) tensor field which satisfies J 2 = —Id. We suppose that J is smooth. The 
pair (M, J) is called an almost complex manifold. We denote by J st the standard integrable structure on C n 
for every n. A differentiable map / : (M', J') — > (M, J) beetwen two almost complex manifolds is said 
to be (J 7 , J)-holomorphic if J (/ (p)) o d p f = d p f o J' (p) , for every p G M'. In case M' = A C C, such 
a map is called a pseudoholomorphic disc. If / : (M, J) — > M' is a diffeomorphism, we define an almost 
complex structure, /* J, on M' as the direct image of J by / : 

f*J (q) ■= d f - Hq) f o J (/- 1 (q)) o d q r\ 

for every q £ M'. 

The following lemma (see [5j]) states that locally any almost complex manifold can be seen as the unit 
ball of C n endowed with a small smooth perturbation of the standard integrable structure J st . 

Lemma 1.1. Let (M, J) be an almost complex manifold, with J of class C k , k > 0. Then for every 
point p G M and every Xq > there exist a neighborhood U of p and a coordinate diffeomorphism 
z : U B centered a p (ie z(p) = 0) such that the direct image of J satisfies z*J (0) = J s t and 

\\Z* {J) — Jst\\ck(w\ < -V 

This is simply done by considering a local chart z : U — > B centered a p (ie z(p) = 0), composing it with 
a linear diffeomorphism to insure J (0) = J s t and dilating coordinates. 

So let J be an almost complex structure defined in a neighborhood U of the origin in ]R 2n , and such that 
J is sufficiently closed to the standard structure in uniform norm on the closure U of U. The J-holomorphy 
equation for a pseudoholomorphic disc u : A — > U C M. 2n is given by 

du , , du 

(1.1) j( u ) =o. 

ay ox 

According to 00, for every p G M, there is a neighborhood V of zero in T p M, such that for every v G V, 
there is a J-holomorphic disc u satisfying u (0) =p and d^u (d/dx) = v. 
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1.2. Levi geometry. Let p be a C 2 real valued function on a smooth almost complex manifold (M, J) . We 
denote by d c jp the differential form defined by 

djp(v) ■= -dp(Jv), 

where v is a section of TM. The Levi form of p at a point p £ M and a vector v € T p Af is defined by 

Cjp (p, v) := d (d c jP ) (p) 0, J(p)v) = dd c jp{p) (v, J(p)v) . 

The next proposition is useful in order to compute the Levi form (see fTI). 

Proposition 1.2. Let p E M and v € T p M. 77ie?i 

£jp(p,v) = A(pou) (0), 

where u : A — > (M, J) is any J -holomorphic disc satisfying u (0) = p and (ioti (d/d x ) = v. 

If Cjp(p, v ) > for every p € M and every u € T p M, we say that p is J-plurisubharmonic. It is a well 
know fact that p is J-plurisubharmonic if and only if for every J-holomorphic disc u : A — > M, pouis 
subharmonic (see 1171). 

1.3. Pseudoconvex domains of finite type. In this section, we recall some facts about pseudoconvex do- 
mains of finite type in four dimensional almost complex manifolds (See ||2l for more detailed facts). 

Let D = {p < 0} is a smooth domain in ]R 4 . Assume that p is J-plurisubharmonic on a neighborhood of 
D where the structure J is defined on a fixed neighborhood U of D. Moreover we suppose that the origin is 
a boundary point of D. 

Definition 1.3. Let u : (A, 0) — > (M 4 , 0, J) be a J-holomorphic disc satisfying u (0) = 0. The order of 
contact 5q (dD, u) with 3D at the origin is the degree of the first term in the Taylor expansion of p o u. We 
denote by 5 (u) the multiplicity of u at the origin. 

We now define the (D'Angelo) type and the regular type of the real hypersurface dD at the origin. 

Definition 1.4. 

(1) The (D'Angelo) type of dD at the origin is defined by: 

A 1 (dD, 0) := sup { 6 ° f ' , u : A -)■ (M 4 , J) J-holomorphic nonconstant, u (0) = 
[ (u) 

The point is a point of finite (D'Angelo) type 2m if A 1 (3D, 0) = 2m < +oo. 

(2) The regular type of dD at origin is defined by: 

Aj eg (dD, 0) := sup{5 (&D, u) , u : A — (M 4 , J) J-holomorphic , 

n(0) = 0,d it / 0}. 

The type condition as defined in part 1 of Definition 1 1.41 was introduced by J.-P.D'Angelo [4] who proved 
that this coincides with the regular type in complex manifolds of dimension two. It was proved in O that 
the (D'Angelo) type and the regular type coincide in four dimensional almost complex manifolds. 



In the next proposition, we describe locally the almost complex structure J and the defining function p 
(see 121 for a proof). 
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Proposition 1.5. Let D = {p < 0} is a smooth domain in M 4 . Assume that p is J -plurisubharmonic on 
a neighborhood of D where the structure J is defined on a fixed neighborhood U of D. We suppose that 
the origin G partialD is a point of finite type 2m. Then there is a local change of coordinates in a 
neighborhood of the origin such that, in the new coordinates: 
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(1.3) p = ^ez 2 + H 2m {z u zl) + H(z 1 ,z 2 ) + O (|zi| 2m+1 + \z 2 \\ Zl \ m + |z 2 | 2 ) 

where H 2m is a homogeneous polynomial of degree 2m, subharmonic which is not harmonic and 



m—l 



H(z 1 ,z 2 ) = 3fe PkZiZ 2 . 

k=l 

A crucial tool for the study of pseudoholomorphic curves into pseudoconvex domains of finite type is the 
local peak J-plurisubharmonic functions which existence was proved in Q. 

Theorem 1.6. Let D = {p < 0} be a domain of finite type in an almost complex manifold (M, J) of dimen- 
sion four. We suppose that p is a smooth defining function of D, J-plurisubharmonic on a neighborhood of 
D. Let p € dD be a boundary point. Then there exist a function ip p and a neighborhood U of p such that 
ip p is continuous up to D DU and satisfies: 

(1) (p p is J-plurisubharmonic on D fl U, 

(2) ip p (p) = 0,_ 

(3) ifp < on D n U\{p}. 

Such a function is called a local peak J-plurisubharmonic function at p. 

1.4. The Kobayashi pseudometric. The existence of local pseudoholomorphic discs proved in [§) allows 
to define the Kobayashi pseudometric K^,j) for p G M and v G T p M : 

K(M,J) (jP-i v ) '■= m f | _ > 0, u : A — > (M, J) J-holomorphic , u (0) = p, d$u (d/dx) = ri>| . 
Let d(M,j) be the integrated pseudodistance of if (m, j) defined by: 

d [M ,j) (P, q) ■= mf { / K {M>J) ( 7 (*) , 7 (0) dt, 7 : [0, 1] -)• M, 7 (0) = p, 7 (1) 
We thus define : 







Definition 1.7. (1) The manifold (M,J) is Kobayashi hyperbolic if the integrated pseudodistance 
d(M,j) i s a distance. 

(2) Let D C M be a domain in an almost complex manifold (M, J) . A point p G 3D is said to be 
at finite distance from q G D if there is a sequence of points qj G D converging to p and whose 
Kobayashi distances d(£) j)(gj, (/) to (/ stay bounded. Otherwise we say that the distance is infinite. 
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2. Proof of Theorem I0.1I 



In order to prove this theorem, we need the two following lemmas, where the dimension assumption is 
meaningful as it allows to find a coordinate system where the lines {z\ = c} and {z 2 = c'} are almost 
complex submanifolds. 



Lemma 2.1. Let £1 be an open subset of (R , J) and let J be an almost complex structure satisfying rti.2D . 
Let K be a compact subset of£l. There exists 5 > such that: for every r £ [0, 1) there exists a positive 
constant C > such that ifu = (u\, u 2 ) : A — > Q is a J -holomorphic disc with u(A) C K, then 

|Vui(C)| < Csup t6A K(t) -ui(0)|, and, \Vu 2 {Q\ < Csup teA \u 2 {t) - u 2 (0)|, 

if sup t( z A \\u(t) —u(0) || < 5 and ( € A r . 

This lemma is an anisotropic version of a result obtained by S.Ivashkovich, J.-P.Rosay in Q. 

Proof. Depending on u(0) € K, one can make a linear change of variables such that in the new coordinates 
J(u(0)) = J st . Set «j := sup tgA \ui(t) — iij(0)| for i = 1, 2 and consider the scaling map A from M 4 into 
itself defined by A(z\, z 2 ) ■= (a 1 " 1 (zi — ui(0)) , a^ 1 (z 2 — u 2 (0))). Notice that the A* J-holomorphic disc 
Aon satisfies A o u(A) C A x A. If a\ and a 2 are small enough then A* J is close to J st as the structure 
J has a diagonal form. It follows from Proposition 2.3.6 in (9J, that for |z| < r one gets for i = 1,2, 
|V(A o u)i(z)\ < C for some positive constant C. Hence |V«j(z)| < Ccti, as desired. □ 

A straightforward computation leads to this very useful lemma: 

Lemma 2.2. Assume that J is an almost complex structure on 
$iez 2 at z and v = (X±, Y\, X 2l Y 2 ) is equal to 



satisfying di.2D . Then the Levi form of 



Cj?Rez 2 (z,v) 



. \ / \ 9a 2 . . . . db 2 , . . . da 2 

{ai ~ a2) {z W z) " C2{z) d^ {z) + ci{z) Wi {z) 

, x / n db 2 . . , . . 9a 2 , , , , db 2 . . 

(„ 1+02) (,)_(,) - fc ( Z )_ (a)+cl ( Z )_ w 



XxX 2 + 
ATiy 2 + 

n>2 + 



da 2 db 2 
5y 2 9x 2 



(c 2 (z)X| - 2a 2 (z)X 2 Y 2 - b 2 {z)Yi 



Proof of Theorem IftTI Let be a neig hborhood of in M 4 . We assume that, on U, the structure J satisfies 
(11.21) and that the denning function has the local expression 

(2.1) p = Kez 2 + H 2m ( Zl ,zj) + O {\ Zl \ 2m+1 + \z 2 \\ Zl \ m + \z 2 \ 2 ) 

where H 2rn is a homogeneous polynomial of degree 2m, subharmonic which is not harmonic. 
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Consider for a positive number 5 > 0, the following anisotropic polydisc: 

Q(Q,S) := {z e C 2 ,|zi| < 5^,\z 2 \ < 5}. 

Notice that since the defining function p satisfies (12- lb . then for a sufficiently small <5 < 1, if z G Q(0, 5) 
then we have dist (z, dD) < c5 for some positive constant c > 0. 

Let q' = (q[, q' 2 ) € dD n U be a boundary point and let be a local peak J-plurisubharmonic function 
at the point q' . There is a positive constant C\ such that 

(2.2) - d\\z - q'\\ < <p q > (z) < -C 2 * q > (z) , 
where 

Vq, (z) := \zi - q[\ 2m + \z 2 - q' 2 ? + |«i " q'i?\z2 ~ q' 2 \ 2 
is a J-plurisubharmonic function on U, shrinking U if necessary. 

Let u : A — > D Pi U be a. J-holomorphic disc such that u (0) € Q(0, (5) is sufficiently close to the 
origin. In order to prove that the origin is at infinite distance from points in D fl U, we want to provide the 
following estimates 

|Vui (0) | < C5^ and |Vn 2 (0) | < C5 

for a positive constant C > 0. 

Let q' = (q[, q' 2 ) € dD be the unique boundary point such that q' = u(0) + (0, 5 U ) for some positive S u . 
Notice that 5 U is asymptotically equivalent to dist (u (0) , dD). According to the J-plurisubharmonicity of 
ty q i, we have for \Q\ < r where < r < 1: 

vty («(C))<^ / 2?r ^' (u(re i9 ))d6, 

J 

for an appropriate positive constant A. Hence using (12.21 ) and the J-plurisubharmonicity of the peak function 
ipqi we obtain: 

*V (« (0) < ~2^r ^ ^ (« (re 16 )) d0 < (« (0)) . 

Since 

|«2 (C)-Q2| 2 <%' («(C)) 

and according to (12.21 ) and to the fact that ||u(0) — q'\\ = S u is asymptotically equivalent to dist (u (0) , dD), 
we obtain for a positive constant C3: 

\u 2 (()-q' 2 \ 2 < C 3 dist (u(0),dD). 

Hence, for some other positive constant C3 we have: 

(2.3) |« 2 (C)-«2(0)| <C 3 dist(n(0),aD)i, 

for |C| < r where < r < 1. 

For the same reason, we obtain the following estimate which hold for \(\ < r < 1: 

(2.4) |«i (C) - ui (0) I < C 3 dist (u (0) t dD)&. 
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According to Lemma |2TT1 inequalities ( 12.31 ) and ( 12.41 ) imply: 
(2.5) 



V« 2 (C)I <Bsup \u 2 (t)-u 2 (0)| < C 3j Bdist (n (0) ,dD)* < C4S2 . 

\t\<r 



and, 
(2.6) 



|Vui 



< B sup \ui (t) - Ul (0) I < C 3 £dist (u (0) , dD)^ < C 4 8^. 

\t\<r 

for positive constants B and C4. Notice that ( 12.61 ) is the desired tangential estimate. 

In order to obtain the normal estimate |Vi( 2 (0)|, we will construct a negative harmonic function. To 
achieve this, we first need to control $leu 2 (() and |A3?e ii 2 (C)| by 6. 
From ( 12.31 ) and (12 .4b we obtain for |£| < r: 

(2.7) |ui(C)| < K (C) - «i(0)| + hi (0)| < C 3 dist(ii(O),0£>)^ + £2^ < C 5 $ss. 
and, 

(2.8) MC)| < |u 2 (C) -U2(0)| + |« 2 (0)| < C 3 dist(u(0),<9D)^ +5 < C 5 5^ . 

for a positive constant C5. According to these estimates, and since the defining function satisfies (12- lb . we 
obtain 



(2.9) Keu 2 (C)< #2m(«i(C),«i(C)J + O (MC)| 2m+1 + |u 2 (C)|MC)| m + MC)| 2 ) < C 6 S. 
if \C\ < r, where Cq > 0. Due to Proposition 11.21 applied to the function !Jtez 2 , we have: 

(2-10) AKe u 2 (C) = £jKez 2 (u(C), ^(C) 

According to Lemma [2T2l (I2.5I ). (12.81 ) and to the fact that J(z) = J s t + 0(|z 2 |), this implies 

(2.11) \A$leu 2 (()\ < C 7 5 

if I C| < r, and a positive constant C 7 . 

We still denote by AKe tt 2 , the function equal to AKe u 2 on A r , and elsewhere. And consider the 
following harmonic function 



(2.12) g(():=Meu 2 (() 
From (12.111 ). we have 



— In |C| * A5te u 2 



(C) - (C 6 + C 7 )5. 



— In |C| * A5te u 2 
2tt 



< C 7 S. 



Thus g is a negative function and |g(0)| < 2(Cq + C 7 )5. The classical Schwarz Lemma for negative 
harmonic functions gives |V<?(0)| < 2|g(0)|. Hence we obtain the following estimate: 

|V»e u 2 (0)| < |V5(0)| + Sup |AKe u 2 \ < 2\g(0)\ + C 7 5 < (4C 6 + 5C 7 )5. 

Moreover, the J-holomorphy equation for the disc u implies: 

d$teu 2 



a 2 W0))^(0) + &2W 0))^(0) 



dx 



dx 



0^0)^(0) -a 2 («(0))^(0) 



dx 



dx 



dy 
d^smu 2 
dy 



(0) 
(0), 



s 
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so that 

|V3m u 2 (0)| < C 8 |VKe u 2 (0)|, 

for some positive constant Cs- 

We finally get the normal estimate: 

(2.13) |Vu 2 (0)| < CS. 



Let us show how (12.61 ) and (12.131 ) imply that the origin is at infinite distance from points in D n U. 
Consider the function: 

X (z) : = N 4m + H 2 . 

Since u(0) G Q(0,%(«(0))5), it follows from the estimates (EU) and (T2~T3l) that |Vui(0)| < Cx(u(0))^ 
and |Vu 2 (0)| < Cx(u(0)) 2 for some positive constant C and thus: 

|V(xou)(0)| < 4m|Vu 1 (0)|M0)| 4m - 1 +2|V«2(0)||« 2 (0)| 

< imC X (u(0))^(x(u(0))^) Am - 1 + 2C X («(0))5x(«(0))3 

< (4mC + 2C)(xou)(0) 

which achieves the proof of Theorem 10.1 l b v an integration argument (see Lemma 1.1 in iPTl). 

□ 
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